PHYSICAL REVIEW B VOLUME 1, NUMBER 7 1 APRIL 1970

Electrical Conductivity in Pure Type-II Superconductors near H .}
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The electrical conductivity for a pure type-II superconductor in high magnetic fields near H., is calculated
for frequencies and relaxation times that satisfy the limit wr>1. The conductivity in the absence of fluctua-
tions, i.e., with a static vortex lattice, is calculated in a manner similar to the procedure used by Brandt,
Pesch, and Tewordt to obtain the density of states. This direct approach allows us to bypass an ansatz
made by Maki for the purpose of calculating transport properties of pure type-II superconductors. The
fluctuations of the order parameter are included in the theory by using the calculation by Caroli and Maki
of the conductivity due to fluctuations. In the Pippard limit, the conductivity is calculated numerically.
From the conductivity, results for the surface resistance are obtained. The theory predicts that, as the
magnetic field is lowered below Hs, a highly frequency-dependent decrease in the surface resistance occurs,
especially for frequencies in the neighborhood of 0.5 GHz. This frequency dependence is not present in the
surface resistance calculated by Caroli and Maki. For frequencies in the megahertz region, where experi-
mental measurements have been made, the theory predicts a sharper decrease in R,/R, than is observed
experimentally. It is pointed out, however, that for these frequencies the limit wr>1 is not valid, and
higher-frequency measurements are necessary for direct comparison to the theory. The effects on the surface
resistance of a smearing-out of the vortex lattice near H,; are also determined numerically by inserting a

phenomenological delocalization factor.

I. INTRODUCTION

RANSPORT properties of dirty type-II super-
conductors near the upper critical field H,, are
now well understood in terms of gapless superconduc-
tivity.! They have been extensively studied in the last
few years from both an experimental and theoretical
point of view. Pure type-IT superconductors have been
less commonly studied and it has turned out that
theoretical predictions are much more difficult to
obtain. This was first pointed out by Cyrot and Maki?
by showing that the usual expansion in powers of the
order parameter is not valid in the clean limit and leads
to unphysical results for the ultrasonic attenuation.®
Since then two different methods have been employed
to gain a theoretical understanding of pure type-II
superconductors. Maki, studying the different terms in
the nonconverging expansion in powers of the order
parameter, A(r), noticed a similarity with a Bardeen,
Cooper, and Schrieffer (BCS) superconductor carrying
a current, and made an ansatz?® based on these simi-
larities. He claimed to sum in this manner the most
divergent terms of the divergent expansion in powers
of A(r). The second attempt to handle this problem
was made by Brandt, Pesch, and Tewordt! (BPT).
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! See for example the chapter by K. Maki, in Superconductivity,
edited by R. Parks (Marcell Dekker, Inc., New York, 1969).

2 M. Cyrot and K. Maki, Phys. Rev. 156, 433 (1967).

3 K. Maki, Phys. Rev. 136, 437 (1967).

(1‘ I;) Brandt, W. Pesch, and L. Tewordt, Z. Physik 201, 209
967).

They did not use an expansion but were able to calcu-
late the Green’s function of the system by using the
periodicity of the known solution of the order parameter
in the field region near H.. However, in their calcu-
lation they have to neglect the change in amplitude of
the order parameter and only succeed in taking into
account its phase variation.

Both methods have been used to test different kinds
of experiments; both lead to a more complete agree-
ment with experiment. Maki used his technique to
calculate ultrasonic attenuation® and was able to predict
a behavior near H., proportional to the square root of
(Hee—H) in contrast to the dirty limit® which gives a
linear dependence. This square-root dependence has
been confirmed experimentally but the quantitative
comparison is difficult and, in particular, experimental
results show a dependence on the mean free path®
which is not predicted in the Maki theory. Another
success of the Maki theory is the prediction of the same
square-root dependence in the thermal conductivity.?
All of these square-root dependences in the Maki
calculation occur because of the similarities of the
Maki theory to the BCS theory, with its nonspatially
varying order parameter, which yields a linear depen-
dence upon A.

For the nuclear magnetic resonance, Maki® obtained
the same result that was obtained previously in the
large mean-free-path limit by the Orsay group.® These
predictions have been confirmed experimentally in a
qualitative way.!% Pesch has also calculated the nuclear

8 M. Cyrot, Thesis, Orsay (unpublished); K. Maki, Phys. Rev.
148, 370 (1966).

6 J. Vinen (private communication).

7 K. Maki, Phys. Rev. 158, 397 (1967).

8 K. Maki (private communication) and Ref. 1.

9Orsay Group of Superconductivity, Phys. Kondensierten
Materie 5, 141 (1966).

10 M. Cyrot, C. Froidevaux, and D. Rossier, Phys. Rev. Letters
19, 647 (1967).
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magnetic spin relaxation rate! using the BPT tech-
nique. This calculation has given a quantitative agree-
ment with experiments but discrepancies™ still exist
for temperatures close to T, discrepancies which in-
crease with an increasing mean free path.

Caroli and Maki have studied in great detail the
electromagnetic properties.’® They showed in particular
that one has to take into account the dynamical fluctua-
tions of the order parameter which are induced by the
fluctuating vector potential. Their calculation is based
on the description of the dynamical fluctuations in the
framework of a simple time-dependent Ginzburg-
Landau theory. In this framework one can show, as
done by Caroli and Maki (CM), that the dynamical
fluctuations are only present when the space-oscillating
vector potential A, is perpendicular to the static field
H,. Moreover, the contribution of the fluctuations in
the clean limit completely cancels the reactive part of
the conductivity in this orientation. Due to this
cancellation a simple expression for the ratio of the
normal to superconducting surface resistance may be
obtained in the orientation A, H,, and for fields very
near H., the surface resistance decreases as the square
root of H—Ho (A, is the vector potential of the per-
turbing field and H, is the constant magnetic field).
The Caroli-Maki theory also predicts an anisotropy in
the surface impedance if, while A, L H,, one varies the
propagation vector q from parallel to perpendicular to
the magnetic field.

Using very pure niobium in the mixed superconduct-
ing state, Hibler and Maxfield* measured the surface
resistance as a function of magnetic field in a geometry
where A, is perpendicular to H, while varying the
direction of q. For q parallel to Hy they obtained a
magnetic-field dependence of the surface resistance in
qualitative agreement with the CM theory, but the
anisotropy depending on the angle between q and H,
was opposite to the predicted anisotropy.

Due partially to this experimental discrepancy, but
primarily to the necessity in the CM theory of making
an assumption in order to calculate the response func-
tion, we were led to reexamine the Maki ansatz. While
we adopt the general approach of CM, especially for
the calculation of the dynamical fluctuations, we
believe that the Maki ansatz overemphasizes the BCS
behavior of the excitations parallel to the vortex. As
one varies q from parallel to perpendicular to H,,
one studies principally excitations perpendicular and
parallel, respectively, to Ho. This could be the reason
for the failure of the Maki ansatz to explain the fine
structure of the anisotropy in this geometry.

Based on this reasoning we recalculated the electro-
magnetic properties using the Brandt, Pesch, and

11 W, Pesch, Phys. Letters 284, 71 (1968).

2D, Rossier and D. E. MacLaughlin, Phys. Rev. Letters 22,
1300 (1969).

2 C, Caroli and K. Maki, Phys. Rev. 159, 316 (1967).

“ W, D. Hibler and B. Maxfield, Phys. Rev. Letters 21, 742
(1968).
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Tewordt approximation which does not emphasize so
much the BCS-like behavior of clean type-II super-
conductors. We calculate only the contribution of a
static vortex lattice. For the contributions of the
fluctuations we use the results of Caroli and Maki.
This procedure bypasses the Maki ansatz because the
ansatz is only used by CM to calculate the conductivity
for a static vortex lattice. This calculation has been
only partially successful. More precisely, agreement
with the observed magnetic field dependence is not
obtained unless the order parameter, A(r), is phe-
nomenologically assumed to vary more slowly in space
than is expected from the known Abrikosov GL
solution for A(r).!® If this is assumed, qualitative agree-
ment with the anisotropy measurements is also obtained.

We note, however, that our theory may not be
relevant to the experimental conditions of Ref. 14.
This is because the experimental measurements of the
surface impedance were made at frequencies in the
megahertz region where the pure limit condition
wr>1 is probably not satisfied even for very pure
niobium, although the limit ¢/>>1 should be valid.
Current calculations® of the ultrasonic attenuation
indicate that the numerical results for the type of
calculation presented in this paper may be quite
different for wr <1. (7 and I are the electron collision
time and mean free path; ¢ and w are the scales of
space and time variation of the perturbing electro-
magnetic field and g~1/\ where \ is the penetration
depth.)

On the other hand in the case of the CM theory, the
relevance of the limit wr>1 is not clear. This is because
of the similarity of the Maki ansatz to the BCS calcu-
lation, as done by Mattis and Bardeen,'” for example,
and the fact, as noted by Miller,'® that if /21073 cm,
then one may take / —o in the Mattis-Bardeen result.

In addition to the magnetic-field dependence, the
other important result of our theory is the prediction
of the frequency dependence of the surface impedance.
Either with or without assuming a slowly varying
order parameter our calculation predicts a fairly sharp
decrease in the surface resistance near H. as the
frequency increases above a certain cutoff frequency of
order aA?, where a=1/v5(2¢H )2, and A2=(|A(7)|%)av-
This sort of frequency dependence is not present in
the CM theory. Moreover, this frequency dependence
would be present in the gigahertz region where we would
expect the limit wr>1 to be valid.

This paper will be divided into two sections. In the
first one we calculate the complex conductivity after
the derivation of a general formula for the conductivity
close to H.. We discuss the imaginary and real parts

18 Even though 7 may not be near 7, according to the work of
Helfand and Werthamer A(r) has the form of Abrikosov’s GL
solution for Ho near H,y. E. Helfand and N. R. Werthamer, Phys.
Rev. Letters 13, 686 (1964).

16 A, Houghton (private communication).

17 D. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958).

18 p, B. Miller, Phys. Rev. 118, 928 (1960).
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of the conductivity. In the second section we give some
numerical results for particular geometries and compare
these results to experiment.

II. COMPLEX CONDUCTIVITY

In this section, we will calculate the electrical conduc-
tivity in the absence of fluctuations of the order param-
eter by considering a static lattice of vortices produced
by a constant magnetic field near H . The contribution
of the fluctuations has already been calculated in the
pure limit by Caroli and Maki and we will utilize their
result for the conductivity due to fluctuations.

In Sec. IT A we derive an expression for the response
function of a pure type-II superconductor in magnetic
fields near H.. In this derivation certain approxi-
mations are necessary which we show to be equivalent
to the approximations used by Brandt, Pesch and
Tewordt in obtaining the density of states. In Sec. IT B,
the imaginary part of the conductivity is calculated
from the general response function and combined with
the fluctuations of the order parameter as calculated
by Caroli and Maki. In Sec. IT C, the real part of the
electrical conductivity is calculated in the Pippard,
large g, limit. In this limit the integration over mo-
mentum may be carried out analytically leaving a
frequency integral which may be evaluated numerically.
We also find that in this calculation the Pippard limit-
ing case is valid as long as A< (2¢H)'/2/A? where \ is
the penetration depth, A? the spatial average of the
square of the order parameter, H, is the magnetic
field, and e the electronic charge. Near H,, this limit
is well satisfied (as long as 7" is not near 7).

Throughout this calculation we take Z=c=Fkp=1.

A. Response Function near H,,

By using linear response theory,” the response of a
small transverse electromagnetic field is described by
introducing a response function Q,,(q,») which relates
the induced current to the perturbing EM field accord-

ing to
Ju(qw)=—2 Qu(q,0)4,(q,w). 1)

We take Q,, to be diagonal in momentum because the
scale of ¢g~1/\ and the system may be considered
homogeneous since £,/\ <1 (£, and \ are the coherence
length and penetration depth of the pure superconduc-
tor). Q,»(X,X’,w) is given by the analytic continuation® of

Né
K,,xxw)=——1i
m

—z] T
X ] (TT 20T, (0 )eiodt, (2)
0

1 See, for example, A. A. Abrikosov, L. P. Gorkov, and I. E.
Dzyaloshinski, Methods of Quantum Field Theory in Statistical
Physics (Prentice Hall, Inc., Englewood Cliffs, N. J., 1963).
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where w,= 27T and » is an integer. Since we are in the
mixed superconducting state, J,?(X,{) is the current in
the presence of a constant external magnetic field
characterized by the vector potential Ay(x,?):

T2, =—[(V,—ieAy(x,t)
— (Vo' FieAo(x,1))]

XS P INED [wrmee (3)
2m s

The thermal average must be evaluated for the
mixed state of the superconductor in the presence of a
constant magnetic field. So, in order to calculate the
thermal product P, (x,x',t) = —i(TJ ,?(x,6)J,” (x',0)) by
means of the usual Hartree-Fock-Gorkov factorization,
it is useful to introduce new Green’s functions defined
by the equations

x1
GE (Xz,Xl,w) = eXp(ZG/ Ao . dl)G (Xz,X1,w) s (4)

X2

G° (Xz —Xi, w) = 6Xp<18/

G (X2,X1,0) = — (TP (X2, 0¥ (%1,0)),, is the Green’s func-
tion for the superconductor in the presence of a constant
magnetic field and G°(Xs,X;w) is the normal-state
Green’s function in the presence of a constant magnetic
field. A¢(x',t) is the vector potential corresponding to
the magnetic field applied along the z axis with magni-
tude close to H ., and the line integral in the exponential
is taken along a straight line connecting x; and x,.
As shown by Gorkov,? G°(x,—X;, w) is the translation-
ally invariant normal state Green’s function in the
absence of a magnetic field. GZ is the BPT Green’s
function which was shown by BPT to be periodic in
the sum of its spatial variables with respect to the
vortex lattice. This periodicity was proven by BPT by
noting that the usual Gorkov integral equation® for G
could be written in the form

X1

Ag'dl)GO(X2,X1,w) . (5)

2

GE(xx w)=G"x—x%', w)— / BIPVG(x—1, w)

XG° (l'_la _w)GB (I’,x’,w)V(l,l') ’ (6)
where V(LY') is given by

ll
V) =exp<2ie / Ao ds)A(l)A* ). @)

By using in Eq. (7) the Abrikosov GL expression!s
for A(r)

A(r)=3 Cge'®v exp[ —eH (x—K/2eH)*], (8)

N L. P. Gorkov, Zh. Eksperim. i Teor. Fiz. 36, 1918 (1959)
[English transl.: Soviet Phys.—JETP 9, 1364 (1959)].
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F16. 1. (a) Contour for changing sum over discrete frequency
variables to an integral. (b) Branch cuts of Green’s functions.

where K= (4reH)'?n with n an integer, one sees that
V(l') has the periodicity of the vortex lattice with
respect to its sum coordinates. Therefore from Eq. (6),
G?P also has this periodicity.

Using these definitions and the Gorkov integral
equations relating the F Green’s function to the G
Green’s functions

F (x1,%2,0) = —i(T1 (x1,0 %1, (X2,0) )0

=— / GO(x,Lw)ADG (xs, 1, —w)d®,  (9)
F (x1,%0,0) = — (Tt (x1,0)¥1" (%2,0))

=— / Go(l, x1, —w)A*()G (1, x2,)d®, (10)

we get, by substituting Eq. (3) into Eq. (2) and by
making the Hartree-Fock-Gorkov factorization, the
following result:

Neé? T

K,‘,,(X,X',w,,) == — { (V:u’ - V:u) (V:cz’ - sz)
m 2m?

X3 [GB(xs, X1, §1—0,)GB (X1,%2,82)
$1

_/GO (1’, xl,} —g‘l)GB (ll;x217§1)

XGB (XZ, 1, (z—w,)Gg(xh 1, w,—g‘l)

X V(l,l’)d3'ld3’l’]} (11)

x1’—x1,x2" X2

111,

AND M. CYROT 1

In Eq. (11), &= (2141)7iT, and the terms coming
from the gradients operating on the magnetic-field
phase factors have been cancelled by the diamagnetic
terms in the current operators proportional to A,.

The spatial fourier transform is only tractable if we
take G® to be diagonal in momentum. More precisely,
in the notation of BPT, we will neglect terms containing
Green’s functions GZ(p,K,¢;), with K5£0, where p is
the normal fourier transform variable corresponding to
the difference of the coordinates and K= (27)2A~'n
is a reciprocal fluxoid lattice vector corresponding to
the transform with respect to the sum of the spatial
variables. [A= (2¢H,)™'/2 and the components of the
vector n are integers. | The Fourier coefficient G2 (p,K,{1)
is explicitly defined by the equation

GP (a3 1) = f /DK (xhx)
K

a*p
X /_GB (pJKyg‘l)e‘p' ==y,
(2m)?

In particular we show in the Appendix that within the
approximations BPT used to calculate GZ(p,0,{:), the
Green’s function GZ(p,K,{;) with K50 is small com-
pared to GB(p,0,¢7). Since this approximation involves
only taking into account V (p,K) for K=0, the approxi-
mation is physically equivalent to taking into account
only the phase variation of the order parameter and
neglecting its variation in amplitude (V(p,K) is the
fourier transform of V(1,1').)

Assuming GP to be diagonal in momentum and
Fourier transforming we obtain

Ne? 2¢?
I(I“'((va) = _—Buv-i_ I

kuk, T
m m? k

X¥ {GB (ka, £ro0) G2 (R, 82)
$t

+[ / . o1, 2)GP (g, Erbo)
XGE(k,$ )G (k, —¢1+2u)
XGo (-t —(§z+wv—2“)):” (12

Following Cyrot and Maki we have defined and calcu-
lated a function po(#,):

&k
A%po(u,2) = / ; )3V(k,0)6(2u-—v-k)

A? exp[ — (#/ e sinf)?]
w2 sing .

(13)
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(v is the Fermi velocity, e=v(3¢H)'? and 6, ¢ are polar
coordinates describing v where the polar axis is taken
along the z axis, i.e., in the field direction. @ stands for
the angular co-ordinates 6 and ¢.)

B. Imaginary Part of Conductivity

To proceed further with the calculation we need to
perform the frequency sum and momentum integral in
Eq. (12). For the real part of the response function
(imaginary part of the conductivity) the expansion in
powers of A as carried out by Cyrot and Maki? is
assumed to be valid because there are no divergences
in the real part of the response function for the BCS
case. (The unphysical results in the Cyrot-Maki expan-
sion in powers of A occurred only when there were
divergences in the case of a non-spatially-varying order
parameter.) In the limit of vg<2x7 and » <277 we
obtain by expanding in powers of A the result®

2¢% aQ
ReK, (q0) = — N (0) A% / (k)2
m2 4

X/dupo(u,Q)T > i (14

& ol C—u)p

This is the same result as obtained by the Maki ansatz
and is shown by CM to be cancelled by the fluctuations
of the order parameter for the orientation A,1H,.
It is also shown by CM that the contribution of the
fluctuations to the real part of the conductivity is of
order A? and therefore near H., is small compared to
the magnitude of the static response function we are
calculating. Consequently the effect of the fluctuations
may be included by taking the imaginary part of the
conductivity to be zero in the pure limit, and calcu-
lating the real part from the static response function.

C. Real Part of Conductivity

As pointed out above, the contribution of the fluc-
tuations of the order parameter to the real part of the
conductivity is small compared to the contribution of
the static response function, which we calculate in this
subsection. Consequently the real part of the conduc-
tivity is given by the imaginary part of the response
function derived in Sec. IT A. To calculate the imaginary
part of the static response function we note, by con-
sidering Eq. (12), that in general we need to consider

2 In obtaining this result we have utilized the usual conver-
gence trick of writing the response function in the form

Ky (X,X',w) =Py (X,X',w) —Pu (X,X',O) | A0,

which is valid if Landau diamagnetism is neglected. See Ref. 19,
for example.

3011
an expression
a3k
P [k, T G, 16K, 1)
(2x)? 9]
—1i [ d&k 2
= ——/——k,‘k,/ tanh—G (k-+q, 2)
ir J (Q2r)? ¢ 2T
XG(k, z2—w,)dz, (15)

where G refers to both the first and second terms in
the response function and the contour C is illustrated
in Fig. 1. Deforming the contour about the branch cuts
of the Green’s function at Im(z—w,)=0, Im()=0 and
using the analytic continuation identity

wtw, w
tanh< ) = tanh(-—) ,
2T 2T
we obtain, after analytically continuing w, onto the

real axis from above (w, ~ wo+16), the expression

e @k * 1)
ImK ,,(q,wy) = — { / dw[tanh(——-—)
@r3el) 2T

wm?
w ‘I‘O)O
- tanh<——>:| ImG, (k)
2T

XImG+(k-|—q, w-{—wo)}k,lk,,, (16)

where G, (k,w)[G_(k,w)] refers to G analytic above
(below) the branch cut and we have used the identity
G_(kw)=G.*(kw).

To evaluate the expression in Eq. (16) it is necessary
to exchange the order of integration and do the mo-
mentum integral first. For the momentum integral we
employ the transformation

0 T m )
/ 1dk / sinddo= — | d(k) aEw), 17
0 0 g J-u (k)
where ¢= |k—k'|2= |k?+k"2—2Fk' cosf| and £(k)

=k%/2m—u. Using the fact that the dominant contri-
bution of the integral of ImG, (k) comes at k=kp we
may extend the lower limit of integration in the first
integral to — . Also,

t(ktq)=E(k)+qv,
é(k—Q)zg(k)_Wh

so if gv is greater than the width of the nonzero part of
ImG,[£(k)] or wo, whichever is larger, then we may
extend the limits of the second integral to d=c. It is
easy to see from the definition of G®(k,{;) which we will
write down below, that the width of ImG,B(§)~A%A/v
which is very small near H,; and therefore the ¢v large

(18)
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or Pippard limit appears quite good. Moreover, since
both k and (k+-q) must be near the Fermi surface the
main contribution to the integral comes when k-q=0,
a fact we may take care of by inserting /'6(q-v)qudé.

In light of the above comments we obtain for the
imaginary part of the response function

ImKﬁ“’(waO)

é? kp3 *©

® w+wy
dw[tanh— —tanh( ):|
m T Jw 2T 2T

00

ko,
A V)— k) ImG Bk, w—w,
x [ 0w (W{ /_ TG o)

0

X / dE(k) TG (i )+ / 0 o(16,2)

0

X/ dE(R)IM[G B (ky w0 —wo)G 0 (k, —w+wo+2u) ]

X [ ) TG (e )G, ot 201}
(19)

The integral J'dé(k).ImG, (k,w) may be carried out

by using the explicit form of the BPT Green’s function
(see Appendix)

G5 (kw) =G 5 (k0w)=[w—t+in W (2) ], (20)
where
z=[w+16+£(k) Ja,
A A A
a= , O=arccos(k-H,)
sinfy
and

i [° dle?
W(z)=~ / .

TJ_w 2—1

[We note that contrary to the implication in Ref. 4,
W (z)=exp(—2?) erfc(—iz) only for Imz>0 and not
for all z. The integral definition is the general definition
for W (z) as it must be for G(z) to have a branch cut
at Imz=0.] As shown by BPT, G, ®({,0) has only one
pole in the upper-half energy plane, namely at £{=¢;
where £, is a solution of the integral equation

&1 () = wtim 2A2 W (w0 E11+10)a ] (21)

Using this result we obtain for the respective energy

D. HIBLER, 111, AND M. CYROT 1

integrals?
~/x / G E0)iE=N@wd)  (2)
mys / TG, (£0)G (¢, —o-+20) 18
h —Ni(ofu), (23)
where
2
N(w,0)=Re l -1 } (24)
1—ix 2A2P W[ (£1+w)a ]
=Re(2N (w,0) —1)
and )
Ni(w,0,u)= Re(2N (w,H)——) . (25)
2U—w— El

Thus, for the response function, we have

Ne23 [ k2
ImK,,(q,we) = ——— / dQ—08(q-v)d,,
m 8 kp?

F

* 1) w—wy
X / [tanh———tanh( )]
o 2T 2T

00

X[N (@0,0)N (w—wy, 0)—I—A2/ du po(u,Q2)

—o0

XI\/H(CO,G,M)Nl(w‘—wo, 0, u):| s (26)

where we have noted that by the symmetry of the
integral K, is diagonal, and we have used N=~Fk#*/3x2

Dividing by the normal-state conductivity and using
the facts that N (w,0)=N(—w, §) and

/po(M:Q)Nl(w)uﬁ)Nl(w-*_wO’ uae)du
=/po(u,Q)Nl(—w, #, O)N1(—o—wo, %, )du. (27)

{These results follow from the definitions of N (w,6)
and Ni(w,0,) and the facts that [W(3) J*=W (—z*)
and W' (z)=—22W (2)42i/7*/?} the ImK,,(q,ws) may
be cast into a more useful form for doing calculations.
Writing the result in terms of the conductivity we have
[using the extreme anomalous limit result for the
normalstate conductivity® ¢(g,w)=3wNe*/4mqv, which

2 In Eq. (22) we have used the easily proven identity

[ 16, earte=1nd [| 6160~ sz Joef -

2 M. Tinkham, in Optical Properties and Electronic Structure of
Metals and Alloys, edited by F. Abeles (John Wiley & Sons, Inc.,
New York, 1966).
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may be obtained by setting A=0 in Eq. (26)]:

Reo’#l‘ (qywO) _ 1 7)1‘2
2xT 2

dQ vgé(v-q)—
VF

On (q)w 0)

X [ / dw(cosh——)
0 2T

XI:N (w+wo, O)N (w,0)+A2 / du po(u,Q)

XNl(w—i—wg, M,B)Nl(w,uﬁ)i” y (28)

where terms of higher order in wy/27'<<1 have been
neglected in obtaining this result.

III. NUMERICAL RESULTS

To obtain numerical results it is necessary to evaluate
the integral over # which may be done analytically.
Using the above definition of N(w,6) and W (z) this
integral may be carried out straightforwardly and we
obtain finally the expression for the real part of the
conductivity:

Reouu(qwo) 1 v,
—_— = —/dﬂ—ﬁ(v-q)vq
On (waO) ™ 7)2

00

dw w \72
X/ -——(cosh————) {[Re (2N (w,0) —1) ]2
o 2T 2T

+2 Re[N (,6) (N (,6)—1)]
N (0,0)N (0,0)[2i Im&+2(N (w,8) —1)wo ]
+2 Rel: : _ ]} .
21 Im$1+2N(w,0)wg

(29)

The imaginary part of the conductivity is given by
(1/w) ReK,, where ReK,, is given by Eq. (14) for the
orientation A,|[H, and ReK ,,=0 for A, 1 H,.

Of particular interest is the orientation A, 1 H, and
q|/H,. In this orientation sinf=1 for all angles inte-
grated over. For A small (i.e., H near H.,) and T/2¢<1,
we have, neglecting terms of order (A/¢)?,

iwl2A/ €
142 Re

w (30)
— +imPA /€
A

o(qw)=0.(qw)

As A — 0 this result reduces to the normal-state conduc-
tivity [as does the more general expression in Eq. (19)]
as it must. For w <A?%/¢, ¢ becomes approximately equal
to 30, and as w approaches w!/2A%/¢, ¢ decreases and
eventually approaches o, for w>>A?/ er!/2.

In general, the expression on the right-hand side of
Eq. (29) must be evaluated numerically by evaluating

3013

the integral over w and over angles by numerical
quadrature.

From either the specular or diffuse scattering result
for the surface impedance (using Imo,=0) we obtain
for the ratio of the mixed state to normal surface

1 23

impedances z, ey
SE=E
Ry Loo(g)

So, by carrying out the numerical integration, we may
obtain results for the surface resistance as a function
of angle and of magnetic field. There is an angular
dependence because, as H, varies from parallel to
perpendicular to g, there is a change in the angles
0=arccos(k-H,) which are integrated over.

We will also include numerical results where the
order parameter is assumed to vary more slowly in
space than predicted by the Abrikosov GL solution
given by Eq. (8). Since the spatial variation of A(x) is
of the form A(x)~exp[ —eHx?] if the order parameter
becomes less localized in space this can be taken into
account by multiplying H by a delocalization factor &

so that A(x) ~exp[—eHx%%].

We note that one motivation for arbitrarily assuming
a large amount of delocalization (§ small) is that for
very small 6 our theory approaches the BCS result and
is consequently similar to the result obtained by CM
using the Maki ansatz. Numerical results for a small
value of the delocalization factor will be given together
with the normal numerical results.

To carry out numerical calculations for comparison
with experiments on pure niobium we determined
K,(T) from the results of McConville and Serin?* and
used N (0)=5.6X10% (states/cm3-erg), the result ob-
tained from specific-heat measurements.?> For vr we
used vp=3X107 cm/sec. From Eilenberger’s work?®

MQxT)?
26N (O)DF2

(1)

La(E,TH 1 (32)

Near H ., the magnetization is given by
H '—H c2
M= ———
B2KA(T)—1]
where Ko(T) is the second Landau-Ginzburg parameter

and 6~~1.2. In the limit of / —

1

1
(T, =—G(p) =— / Lds(1—)
16 J,

0

dx
X / oY (fipa)

™

(33)

24 T. McConville and B. Serin, Phys. Rev. 140, 1169 (1965).

25 H. A. Leupold and H. A. Boorse, Phys. Rev. 134, A1322
(1964).

26 G. Eilenberger, Phys. Rev. 153, 584 (1967).
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\ o Experiment, Nb-5,T=4.2°
Rs/Rp U\\ (1) Theory, =10 q
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F16. 2. Magnetic-field dependence of the normalized surface
resistance for the orientation Hol A, ; Ho|lq. The Fermi velocity
is taken to be v»=3.107 cm/sec.

where p=¢/27T and y® is the tetragamma function.
We note that this expression for A% which may be
deduced from Eilenberger’s work and which is also
used by Pesch, differs somewhat from the Maki-
Tsuzuki? expression for A% For T, we use 4.2°K.

Using these expressions we plot in Fig. 2 theoretical
values for R,/R, as a function of magnetic field near
H ., for H, parallel to q, the direction of decay of the
screening current. The experimental data points are
taken from Ref. 14. The theoretical curve with no
delocalization (6=1.0) is not in good agreement, since
when plotted as a function of magnetic field it shows a
sharper drop off than is observed experimentally and
then a leveling off. This leveling off may not be com-
pletely valid theoretically because Caroli and Maki
proved the cancellation of the imaginary part of the
conductivity only to order A% As we move away from
H ., Imo may become nonzero and this would decrease

I-H/Hez =.07
p,0 Experiment, Nb-5, T=4.2°
(1) Theory, 8=.07, w=1.3 MHz
(Rg/Ry). | (@ Theory, 8=1.0, w=1.3MHz
Y . .
(3) Caroli ‘Maki Theory
(Rs/Ruf| (4) Theory, 5=1.0, w=910MHz ~ ©
o
1.o6-
o
a
° (1
1.02
o
D_ 2)
—_—
——\\m
981 —®
96 1 1 1 1
20° 40° 60° 80°
Y

Frc. 3. Angular dependence of surface resistance for Ho L A,
and 1—H/H;=0.07. The angle v is the angle between H, and
q (q is the propagation vector of the perturbing field).

27 K. Maki and T. Tsuzuki, Phys. Rev. 139, 868 (1965).

Ho

F1c. 4. Orientation for anisotropic predictions and measure-
ments. Ho_L Josc for all values of .

the surface resistance. The curve with the delocalization
factor of §=0.07 is in much better agreement. We also
illustrate in this figure the CM prediction using the
numerical parameters listed previously. With these
parameters the Maki theory does not agree quanti-
tatively with experiment although the functional form
agrees well with the experimental results.

The anisotropic results for the surface resistance are
given in Fig. 3 with the orientation described in Fig. 4.
These anisotropic results were obtained?® by expanding
N1(w,0,4) and N (w,0,) to linear order in sin?f. This is
of sufficient accuracy since we are primarily concerned
with the qualitative anisotropic behavior and it simpli-
fies the numerical calculations considerably.

As before the theoretical curve with a delocalization
factor is in qualitative agreement with the experimental
results, which in this case is in sharp contrast to the
Caroli-Maki theory. The theoretical angular depen-
dence with no delocalization effects is dependent upon
the value of the frequency as can be seen. For high
frequencies R,/R, decreases as the angle v increases
while for frequencies of the order of one megahertz
R,/R, remains constant. The frequency at which
R,/R, begins to decrease if no delocalization effects are
included depends upon the value of the Fermi velocity,
and for smaller values of vy the higher this frequency

(1) 1425 MHz
1.00 (2) 1170 MHz
(3) 520 MHz
(4) 292 MHz
R 20 . (5) 130 MHz
Rs (2) (6) 33 MHz
Rn
80f M \
°. o
M \ —
.70
60 1 1 1 1 1 1 1 1

02 04 .06 .08 .0 Jd2 4 .16
1-H/Hp

Fic. 5. Magnetic-field dependence of the normalized surface
resistance for frequencies above 1 MHz. The orientation is
H, 1 A, Hollg; and the Fermi velocity is taken to be vp=3.107
cm/sec. The small circles were numerically computed from Eq.
(29) and smooth curves were drawn through them.

22 W. D. Hibler, III, Thesis, Cornell University, 1969 (un-
published).
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will be. At high enough frequencies, even with a de-
localization factor added, we would expect R,/R, to
decrease as a function of the angle v.

The demagnetization factor has not been included
in the theoretical curves but from the analysis of Cape
and Zimmerman® it may easily be included by a
change in the magnetization. For the numerical values
of K»(T) used it will be a small effect. If included it
would tend to cause the CM curve to disagree a little
more strongly with experiment (i.e., decrease more as
v increases) and would cause the small delocalization
factor curve to be slightly flatter than it appears in
Fig. 3.

The final numerical result is the surface resistance as
a function of frequency. The field sweep curves of
R,/R, for different frequencies are given in Fig. 5. The
change in the surface resistance is quite marked and
above frequency wi=aA a=1/v sin6(2¢H)/?] the sur-
face resistance begins to flatten off at H,» and does not
begin to decrease appreciably until H <H .. The cutoff
frequency w; is quite dependent upon the Fermi
velocity so that it is not easy to predict it exactly
although we expect it to be in the neighborhood of
500 MHz. This frequency dependence is not predicted
by the CM theory as the dependence upon frequency is
of the form In(A/w) and no sharp changes occur.

Concerning the temperature dependence, as can be
seen from Eq. (32) for A? and Eq. (30), the theory
predicts that at high frequencies R;/R, increases as T'
decreases. This follows because, for a fixed value of
1—H/H., A decreases with decreasing temperature.?
At low frequencies around 1 MHz there is hardly any
temperature dependence. The temperature dependence
of the theory with a finite delocalization factor & varies
depending on the magnitude of §. Since the amount of
delocalization may be dependent upon temperature,
it is difficult to make a definite statement about tem-
perature dependence in this case.

IV. CONCLUSION

In conclusion, our theory predicts a strong frequency
dependence of the conductivity and hence of the surface
resistance for frequencies of the order of 500 MHz.
These predictions at frequencies above 500 MHz are
especially important because we expect the pure limit
assumption, wr>1, to hold. It should be possible to
observe this frequency dependence experimentally
using many pure niobium samples.

At frequencies of the order of 1 MHz it is difficult
to obtain agreement with experimental field dependence
and angular measurements without making arbitrary
changes in the parameters put in the theory. In particu-

2 J. A. Cape and J. M. Zimmerman, Phys. Rev. 153, 416 (1967).

% The temperature dependence of A? is not obvious from Eq.
(32) because it turns out numerically that g1(H,7T,}), at H=H,,
varies on the order of 72 with"temperature. However, dM /dH
(near H.2) becomes smaller at lower temperatures which causes
a net decrease in A? for a fixed value at 1—H/H.».
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lar if a slower variation of the order parameter is
assumed, the low-frequency agreement is greatly im-
proved. In this way one may obtain at least qualitative
agreement with certain experimental measurements
that at present are not explained by other theories.
We point out, however, that the quantitative disagree-
ment between our theory and experiments done in the
megahertz region is not surprising because the limit
wr>1, assumed in the theory, is probably not valid
at such frequencies in the samples used.
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APPENDIX

We wish to show here that as a lowest-order approxi-
mation we may neglect G,%(p,K), for K0, relative
to G.B(p,0). Without this approximation the calcu-
lation of the conductivity would be rather intractable.
The procedure for proving the smallness of G.,2(p,K)
is very similar to the approach used by BPT to obtain
the density of states. The important difference is that
BPT were only concerned with obtaining an expression
for G,B(p,0), and did not discuss G, 2(p,K).

To obtain an expression for G,2(p,K), we Fourier
transform Eq. (6) with respect to the sum and difference
variables which yields

G2 (@, —K) =6x,iG.2(p) —G. (p—3K)
X3 GB(p—K'/2, —K—K')
KI

d3pl
’KI
X [ G @)

XG-(p—p'—K/2—3K’), (A1)
where K=n(27)!2A7 is a reciprocal vortex lattice
vector. Inserting Eq. (8) for the order parameter into
Eq. (7), one finds the Fourier transform of the quantity
V(L)) to be given by

V (0, K')=A%22(27)%(p.") exp[—A2(p2"+ )]
X exp[iA*(—p.'Ky/+py/K '+ 3KJ/K))],

where we have assumed a square lattice of flux lines.
We note, as pointed out by BPT, that the order of
magnitude of the coefficients multiplying the BPT
Green’s functions on the right-hand side of Eq. (A1)
is determined by the magnitude of the p’ integral, and
from Eq. (A2) it is clear that the integrand is cut off at
about p'>A"L On the other hand since K> (2m)!/2A~,
the order of magnitude of the p’ integral is determined

(A2)
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by the expression

d3p/

/ ——V (" K) =A% exp[ —A*(K"*—3iK/K,/)], (A3)
(2m)

provided that K4-K'0. Since for K'50 and K+ K'>0,

the coefficients are exponentially small, they may be

neglected and therefore the dominant terms in the
equation for G,2(p, —K) for K520 are

G.? (p; _K) =—G (p—'%K)GwB (p; _K)

dsp’
x / V(0,0)G_0 (p—p' 1K)
(2ny

=G (p—3K)G.2(p+3K,0)

3P,
X VvV, —K)G_(p—p’). (A4
[ @ 6. @9
Solving for G,2(p, —K), we obtain
G."(p, —K)=—G.”(p+K/2,0)G.*(p—K/2, 0)
3P’
X [ v, ~KG0-p), (49
(2m)?

where we have used the result
G.*(p—3K, 0)

G (p—3K)
asp’

(2m)?

14G.9(p—3K) /

V(p’,00G-."(p—3K—p")
(A6)

[This last equation defines the BPT Green’s func-
tion and is obtained from Eq. (A1) by solving for
G,2(p—K/2,0) and using the approximations men-
tioned above. ]

From Eq. (AS5) we may obtain an estimate of the
magnitude of G,?(p, —K) for the discrete complex
frequencies w=¢{;. To do this we note that choosing the
p’ coordinate system so that the p,’ axis is parallel to
the magnetic field and the momentum p—3K is in the
p.'p.’ plane, we easily find that

d3pl
/ 03K —p, —5)
(2n)’

P
7

it/ 2AZA|: dte=?
a vsind Lw/)_ [(1+£(@—3K)](A/v sinf) —-If:l ’

I1T1,
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where 6 is the angle between the momentum p and the
magnetic field, and v=vr. For w={; we have used the
notation G.B(p, —K)=GE(p, —K, {;). Substituting
Eq. (A7) into Eq. (A8) reproduces the explicit form of
the BPT Green’s function as given in Eq. (20). The
imaginary part of the quantity in Eq. (A7) always has
the same sign as the sign of Im¢;, so that an upper
bound for the magnitude of GZ(p,0,¢;) is

dspr
IGB(p,O,f'l) I S 1/ §l+/ 3V(P/)O)Go(p _p’; _g‘l)

(2m)

<1/{&i|~1/xT. (A8)
Furthermore, using Eq. (A2), we see that
’/dsp, V', “K)G"(p—p', —)
oy &7 (P—p, —{1
<[“Live, w1009, ~t)
= (27‘_)3 P, p p:_g-ll
ap’ V(p',0)
</ /[t (a9)
@m? [l

Using the inequalities (A8) and (A9), and Eq. (AS)
we have
2

kil

|GP(0, —K, )| <—|GP(p+K/2,0,{1)| . (A10)

Consequently, since A/T is small near H,, the Green’s
function GZ(p, —K,{)) is small compared to
GB(p+K/27 07 fl)-

We note that in general GB(p, —K, {;) may be even
smaller than indicated by the inequality (A10). This is
because the maxima of the Green’s function G2 (p,0) oc-
curs for p~ prso that G.Z(p+3K, 0) and G, (p—3K, 0)
have their maxima displaced in momentum space by
K> (2w)'2/A. Therefore one of the Green’s functions
will be of the order A/v(27)'2 if A/v(2m)12< (2wT)™!
which for 77~4.2° is the case for pure niobium.

As shown above, once Eq. (AS) is obtained, it may
easily be proven that G,?(p,K) is quite small compared
to G,B(p,0). The approximations made in obtaining
Eq. (AS), on the other hand, are the same as employed
by BPT in obtaining an expression for the density of
states. Consequently to be consistent within the BPT
approximation whenever one uses G,%(p,0) as given in
Eq. (20) for example, one must also neglect G,%(p,K)
for K50.



